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What is Arb?

C library for arbitrary-precision mid-rad interval arithmetic

[3.141592653589793238462643 + 4.03 - 10_25]

Supports complex numbers, polynomials, power series, matrices,
special functions. Designed for applications in number theory and
computer algebra.

» http://fredrikj.net/arb/

> Free software (GNU LGPL)

» Dependencies: GMP/MPIR, MPFR, FLINT

» Works on common 32-bit and 64-bit platforms, threadsafe,
extensively tested

N
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In SageMath

Arb is now a standard package in SageMath, with a partial
interface (thanks to Marc Mezzarobba, Clemens Heuberger).

sage: R = ComplexBallField(128)

sage: R("0.7", "1.3").bessel_J(0)
[1.2662133095392629696566428627816583022 +/- 3.39e-38] +
[-0.5239317334547605734360915573998358818 +/- 2.48e-38]*I1

sage: R("0.7 +/- le-6", "1.3 +/- le-7") .bessel_J(0)
[1.26621 +/- 3.97e-6] + [-0.52393 +/- 2.64e-6]*I}



Some more (experimental) wrappers...
https://gist.github.com/fredrik-johansson/ - arbmpfr.c

» Re-implements all MPFR math functions (correctly rounded)
Revealed three bugs in MPFR (sqrt, zeta, jn/yn)

v

» No rounding fast paths (e.g. tanh(x), x large)

» No special values (signed zero, nan, inf, etc.)
https://github.com/fredrik-johansson/arbcmath

» Wraps Arb transcendentals for the C99 double complex
type, with guaranteed = 53-bit relative accuracy

» No special values, options...
https://github.com/klkuhlm/unconfined

» Fortran code for aquifer simulations, calling Arb for accurate
quad-precision complex Bessel functions

Nemo - http://nemocas.org/ - Julia computer algebra package
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Generalized hypergeometric function

prg\el-..dp, V1. Uq: :O(bl)k"'(bq)kk!

P
- Fq(at,...,ap; b1,...,by; 2)
F, co.ap by, .. byz)=P 9" T 0 TG
P q(alv 7apyb17 7bqu) r(bl)r(bq)

(a)k =ala+1)(a+2)---(a+k—1)

p < q: exponential type (entire function)
p = g + 1: logarithmic/algebraic type (radius of convergence 1)
p > g + 1: asymptotic (divergent) series

Done: complete implementation for p < 2,qg < 1.

Partial implementation for arbitrary p, g (convergent cases only).
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Completed cases of 1 F; and friends

Function Notation

Confluent hyp. functions 1Fi(a; b; ), 1:‘:_1(3; b; z),
Confluent hyp. functions U(a, b, z) (~ 2Fo)

Confl. hyp. limit functions oF1(b; z),olz_l(b z)

Bessel functions J(2), Yu(2), L(2), K.(2)
Airy functions Ai(z),Ai'(z), Bi(z),Bi'(z)
Error functions erf(z), erfc(z), erfi(z)
Fresnel integrals S(z), C(z)

Incomplete gamma functions [ (s, z),~(s, z), P(s, z), Q(s, z),7*(s, )
Generalized exp. integral E,(2)

Exp. and log. integrals Ei(z), li(z), Li(z)
Trigonometric integrals Si(z), Ci(z), Shi(z), Chi(z)

Laguerre, Hermite functions  L}(z), H,(z)

To be added (easy): parabolic cylinder functions, Whittaker

functions, Coulomb wave functions
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Completed cases of ,F; and friends

Function

Notation

Gauss hypergeometric function
Chebyshev functions

Jacobi functions

Gegenbauer (ultraspherical) functions
Legendre functions

Spherical harmonics

Incomplete beta functions

Complete elliptic integrals

2F1(a, b; ¢; z), 21:'1(3, b; c; z)
T.(2), Uy(2)

Py’ (2)

G (z)

Pl(2), QL(2), Pl (z), Qu(z)
Y (0, »)

B(a, b; z),I(a, b; z)

K(z), E(z)
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What is done, exactly?

Complete:
» Arbitrary-precision evaluation for complex parameters and
argument, with error bounds
» Fast evaluation for large/near-singular argument z

» Generally faster than previous nonrigorous implementations
(Mathematica, Maple, mpmath, others?)

Incomplete:
» Optimizations for low precision and some special cases
» Asymptotics for large parameters (say |a| > 10%)
» Tight output intervals, given wide input intervals (in general)
> Intervals around some special parameter values (e.g. J,(z),
v =[-1£0.01])
» Series expansions of all functions (work in progress)
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How to compute hypergeometric functions

If the defining series

[e'e) (al)k...(a )kZ
qu(al...ap;bl...bq;Z):Z%pk -

converges rapidly, use

N—-1 00
SER S=> T(k Y T(k)| <R
k=0 k=N

Using interval arithmetic Upper bound
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Error bounds

(MI(1+e)

ZTk)

Convergent cases: bound (1 + ¢) by a geometric series. With
T(k+1)/T(k)==z][];(ai + k)/I1;(bi + k), for large N use

la + K| ‘ a—b’ |a — b
=1+ <1+
b+ k| bkl =" Th+N]
and
1 1
< .
‘b—i—k‘_]b—kNI

Asymptotic series 2 Fg: general, effective bounds by Olver (1965).
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Parameter derivatives

For expressions such as

_ 8(a,2)
fla,z) = sin(ma)

with a € Z, we need to compute lim._o f(a + ¢, z).
Solution: use arithmetic in C[[]]/(¢").

In particular, we need to evaluate ,Fq(a1,...,ap; b1,..., by 2)
with aj, b, z € C[[¢]]/(¢"), usually with n = 2.

Error bounds follow the same principles as in the n = 1 case.
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Algorithms to evaluate truncated hypergeometric series

Depends on the precision and on the bit lengths of the inputs.

Forward recurrence
Low output precision

Binary splitting
Short parameters, short argument: J3(3.25).
Rectangular splitting

Short parameters, long argument: J3(m). (Could also be done, but
less common: J;(3.25))

Fast multipoint evaluation
Long parameters, long argument: J. ()
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Hypergeometric series as a matrix product

k

T(k) = %

T(k+1)=(x/(k+1))T(k)

S(N) = Z % S(k+1) = T(k)+ S(k)

i A . ]
M(k)
With N ~ oo
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Binary splitting

Divide and conquer: if all input entries are “small”, the bit

complexity will be O(N).

Example: computing 16!

12 34 56 78

2 12 30 56
24 1680
40320

20922789888000

9 10 11 12 13 14

90 132 182
11880 43680
518918400

15 16

240
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Fast multipoint evaluation

With N = 100

1. Compute R(k) = M(k +9)M(k +8)--- M(k + 0) as a matrix
with entries in C[K]

2. Evaluate R(k) simultaneously at k = 0,10, 20,...,90
3. Multiply the evaluated matrices

Complexity is O(N/2) arithmetic operations in C (uses FFT based
fast polynomial arithmetic).

Drawbacks: reduced numerical stability, high overhead
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Rectangular splitting

Evaluate Z;V:_ol Oz’ using O(N) cheap arithmetic operations and

O(N'/?) expensive arithmetic operations:

With N = 16:

0000
+ 4+ +

Oz
Oz

Oz

+ 4+ + +

+ 4+ +

~— — ' —

16
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Argument transformations

To cover all z € C efficiently, we need series expansions at z = 0
and z = 00, and also at z =1 when p=¢qg + 1.

The cases ,Fg with p < 2,9 <1 are the easiest to deal with,
because the series expansions at the singular points can always be
written in terms of ,F,'s with p <2, < 1.

With functions of higher order, the expansions are no longer
hypergeometric (in general), and the more powerful framework of
D-finite functions is required.
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Connection formulas for confluent hyp. functions

Large |z|: oF1 — 1F1 — U(=2F0)
Small ‘Z|: U— 1F1 or ()Fl

U*(a,b,z) = z°U(a, b,z) = 2Fp(a,a— b+ 1,-1/z)

U(a,b,z) = ImlFl(a’ b,z)+rré‘f);21F1(a—b+l,2—b,z)
1Fi(a, b,z)  (—=2)77 737 bez
r(b) _F(b—a)U (a, b,z) + ) U*(b—a,b,—2)

1
oFi(b,z) = e V7 R (b - 5’2b - 1,4\&)
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Example: modified Bessel function of the second kind
Case 1: |z| &~ oo: asymptotic series
s 1/2_ % *
Ka(z): (Z) e ‘U (a+%,23+1,2z), U N2F0(...,—%)
Case 2: |z| = 0 and a ¢ Z: convergent series

90 = Sy [(3) R (12 5) - GV R (107

Case 3: |z| = 0 and a € Z: parameter limit

lim Ka+a(2)

e—0

as in (Case 2), but with C[[¢]]/(¢?) arithmetic
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Where to use what formula?

Assume small parameters:
1F1(a, b,Z) ~ 1F1(1, 1,2) = ¢
Naive analysis:
» |zK/k!| — 0, so the convergent series can give oo accurate bits

» The minimum of |k!/z¥| is |z|!/|z|/?l =~ e~1?], so the
asymptotic series can give |z|/log(2) accurate bits

» Algorithm: use the asymptotic series when |z| > log(2)p
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Optimizing for accuracy

l1F1(a, b, z)| = |€*
size el?l.

, but the terms in the convergent series grow to

We lose ¢ = (|z| — Re(z))/ log(2) bits to cancellation, and must
increase the working precision.

This limits the accuracy when z is approximate!

Better method in special cases: evaluate at midpoint of z, bound
propagated error using the function derivative.
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Bessel function Jy(x) - not yet optimized

Step 0.2
BN Step 0.03
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Airy function Ai(x) - optimized

10

[ Step 0.2
BN Step 0.03

T
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erf(x) - before optimizing

[ Step 0.2
BN Step 0.03
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erf(x) - optimized

20
Step 0.2
: i Step 0.03

"6 —
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erf((1 + 7/)x) - before optimizing
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erf((1 + 7)x) - optimized

0w
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The problem with the diagonal

30 : - . T .
Rectangular enclosure
I Line segment

20 1

15 1

Imaginary part

10 1

0s ]

0.0 0.5 10 15 20 25 30
Real part
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Fresnel integral C(x) - optimized

Step 0.2
15 B Step 0.03

10 =5 5 1

S+ i)erf(3vm(1 £i)z) = C(2) £iS(2)
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Connection formulas for »F;

Linear fractional transformations:

Examples:

2Fi(a biciz) = (1-2)7%2k <a,c b= >

sin(w(b — a))
™ rb)r(c—a

(—2)"
[(a)(c — b)>

(As a limit when b—a € Z.)

1

: (-2
2F1(a,b,z) = 7)2/:1 a,a—c+1,a—b+1,f
V4

)

- 1
F1<b,b—c+1,b—a+1,>
V4
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Corner case of >F;

All transformations are ineffective near z = exp(£mi/3)

Solution: use Taylor series to analytically continue the solution of
the ODE: f(z) = 2F1(a, b, ¢, zp + z) satisfies

(z+20)(z4+20—1)f"(2)+[(a+b+1)(z+20) —c]f'(z)+abf(z) = 0.
Error bounds by the Cauchy-Kovalevskaya majorant method.

Example path:

0 — 0375+£0.625/ — 054+£0.8125/ — =z
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Covering the domain of ,F;
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Evaluating »F; - accuracy

Test problem: 2F1(0.2 4+ 0.3/,0.4 4 0.5/,0.5 + 0.6/, z).
The parameters are 64-bit intervals.

Near exp(£7i/3): 23 bits lost; elsewhere: 5-12 bits lost
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Some benchmark(et)ing

1. Small arguments, different precision and input types (binary
splitting, rectangular splitting, fast multipoint evaluation,
power series)

2. Large arguments

3. Large parameters
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L ow-precision parameters

Test case  Digits | Mathematica mpmath Arb
J3(3.25) 10 24 26 6
100 48 60 24

1000 320 730 130

10000 9200 87000 1300

100000 590000 15000000 22000

J3(7) 10 23 32 7
100 56 65 26

1000 800 740 270

10000 110000 87000 11000

100000 17000000 15000000 760000

Timings in us.



Full-precision parameters

Test case Digits | Mathematica mpmath Arb
Jr(m) 10 58 120 14
100 220 180 80

1000 34000 2800 2400

10000 8500000 1700000 220000

100000 - - 36000000

oF1(b, z) 10 26 31 6
b=7m+1 100 84 52 41
z=-n%/4 1000 1800 1100 1200
10000 350000 230000 78000

100000 61000000 52000000 12000000

Timings in us.

36
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Parameter limit

(Arb uses C[[¢]]/(?) arithmetic internally.)

Test case  Digits | Mathematica  mpmath Arb
K3(3.25) 10 68 1200 42
100 160 7100 140

1000 1700 1400000 950

10000 140000 - 16 000

100000 19000 000 - 410000

Ks(m) 10 69 1200 44
100 160 7100 150

1000 2600 1400000 1600

10000 350000 - 54 000

100000 52000000 - 3300000

Timings in us.
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High-order parameter derivatives

Time in seconds to compute 81(,")J,,(7r) at v =1 to 1000 digits.

n | Mathematica N[ Maple £fdiff() Arb
173 2.3 0.0010
2| 124 1.2 0.0043
3| > 3600 2.8 0.0067
10 51 0.019
20 384 0.018
30 1082 0.023
100 0.29
1000 7.3
10000 1739

Arb: evaluating ((7/2)™/T(2 + x))oF1(2 + x, —(7/2)?) in
C[[x]]/{x"*1) and repeatedly doubling the precision.
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Large arguments: Jo(mx) on 1 < x < 10° (oscillatory)

1000 s

ls

1 ms

1 us I A | I A A A | I A A A i A A

10° 10" 10 10* 10* 10° 10° 10° 10" 10? 10* 10* 10° 106 10° 10' 10? 10* 10* 10° 105

d-digit accuracy, for d = 10, 100, 1000, 10000.
Left to right: Mathematica, MPFR, Arb.
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Large arguments: lp(mx) on 1 < x < 10° (non-oscillatory)

1000 s

ls

1 ms

d-digit accuracy, for d = 10, 100, 1000, 10000.
Left: Mathematica, right: Arb.
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Large arguments: Ko(mx) on 1 < x < 10°

1000 s
ls T ] B L
1 ms
1 ps L L L L L L L L L L

d-digit accuracy, for d = 10, 100, 1000, 10000.
Left: Mathematica, right: Arb.
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Large parameters: 1Fi(Ni, 1+ i,e™/37x) on 1 < x < 10°

1000 s

ls

1 ms

1 us I A | I A A A | I A A A i A A

10° 10" 10 10* 10* 10° 10° 10° 10" 10? 10* 10* 10° 106 10° 10' 10? 10* 10* 10° 105

10-digit accuracy, for N = 10, 100, 1000, 10000.
Left to right: Mathematica, mpmath, Arb.
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Parameter asymptotics

How to compute ,Fq(a1,. .., ap; b1, ..., bg; z) when some
parameters a;, b; are huge?

Would like complexity polynomial in log |aj|, log | bi].
Simplest case: aj, b;, z positive real numbers.

Toy problem: Bell numbers

o n 1 "

Z ,{nFn(l,...,l;O,...,O;l)—1}
e

k=0

m\H
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Bell numbers

IOEDUUUUUUU

— k' /K, n=10°
10500000000 .......... ....................... .....................................................
10400000000 R S S AU S [ T S
10200000000 ...................................................... .......................................................

; ; ; ; ;
10! 10? 10° 10* 10° 10° 107 10° 10°

The terms peak at m ~ n/W(n). With n = 108, m = 6382030.
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The peak zoomed-in

10°
w0k NG S
w2l NG L]
10-50F ...................................... ........................................ ............
0-10L ...................................... ....................................... ............
10-0F .............. R ), m—108 [
6382030— 10000 6352030 6382030 + 10000
k

Effective width: n!/2

=10*
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Numerical summation

Expand T (k) = % = % in a Taylor series at k = m.

Interchange order of summation

r

r N-1 T(,) m) . T(,) m r ,'
IDRICELDIDD i!( i - i!( )ZX

X=—r x=—r =0 =0 X=—r

§ i = Bralb 1)~ Bia(a)
ot i+1

tedt o 0o . ti . .
where ZF = > Bi(a)% are Bernoulli polynomials.

A bit of analysis gives error bounds.

46
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Complexity of computing Bell numbers

Time(s)

d =1000

— d=100 |4

: — d=10 |
10—8 P | ] I 1 1 1
10 10% 10*10* 10° 10Y 102 10% 10% 10t 10*%

T
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Complexity of computing Bell numbers

T2
210 d—o0
| 1073 R
= — 107%n? ]
10 6 pl2 ]
— 10 *log(n)® +0.1 |
— d=100 1

: ; i — . .
10 10% 10*10* 10° 10Y 102 10% 10% 10t 10*%
n
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810100 (tO 1000 digits)

2.93754741500698486939892008010657494938772514818017849008652281470914108
2608913334784314134261851806223288894965794626715751776559182743757556852
7323435768792618847167888789438948060302478614199779726367825775950599404
2279245062445753647863874788822306413960438998857329199453620537788749942
0168234396826778585822533942208369004319687423225479298171524242007012081
4189584044961611232013638927011424520592967211088076726689116500153640131
0577182526164517918067342967415163561761556387896624470369088407386274539
0209414198878538959777371930234417863546023805302182867063815217446678742
1299272896018760209005126727520376909162406896508523984682301208964483830
8573986713196339987546749917781530426756874346628524598549223160724211220
7837333367686045671748559467182350044107573143146800046731689834001488005
6349953760540802402051823297138757018725522572436781900033913367936582293
7731151484061913797597293903657024242508217267788016980545827744432850309
1835330854941844204279433189349120410802200732718571 - 10E

+ 4.37 - 10E—1000

E = 9721575748576962353786630274342113592180068585049304508161340761788
89687987618389929416815288755835629
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What about negative/complex parameters?

Look at what numerics people are doing. Integral representations
+ contour deformations seem to be a popular way to avoid
cancellation issues.

Possible to use rigorous numerical integration methods?
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